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Abstract. Gutzwiller’s semiclassical gnantization scheme for the trace of Green’s function is
applied to the periodic Toda chain. We obtain a set of algebraic equations that determine the
energy levels arising from a special periodic orbit, namely the sinple choidal wave solution, Qur
formulae show a simple depeadence on the number of particles & in the chain. N merely occurs
as a parameter, We perform the soliton limit of our equations and get a semiclassical comection
to first order in A to the dispersion relation £ = E(p) of a soliton on the infinite chain which
is in remarkable agreement with the Bethe ansatz result, The classical data which enter into
the semiclassical quantization formula are of interest in their own zight. We give a complete
treatment of the linear stability analysis of a single cnoidal wave and also some new expressions
for its dispersion relation which expresses the frequency v as a function of the wavenumber £.

1. Intreduction

The Toda chain [1] is a chain of identical particles with exponential interaction between
nearest neighbours. Supplied with periodic boundary conditions it is an interesting prototype
of an integrable N-particle mechanical system,

The integrability of the classical system was proved in [2-4], where N independent
integrals of the motion were derived. The decisive step towards a complete solution of the
initial vatue problemn [5-7) was done in [8,9], where the authors introduced new variables
which also made it possible to derive the action-angle variables of the system [10]. The
general solutions of the equations of motion are the so-called multi-cnoidal wave solutions
which can be expressed in terms of the Riemann theta function [11]. They may be imagined
as ‘nonlinear superpositions’ of single cnoidal waves.

The integrability of the quantum Toda chain was proved in {12]. However, in contrast
to other integrable systems the (coordinate) Bethe ansatz does not apply because of the finite
decay length of the potential. Nevertheless, and quite surprisingly, the asymptotic Bethe
ansatz proposed by Sutherland [13] yields the correct ground-state energy and excitation
spectrum of the infinite chain, and thus also the correct classical limit. Proposed originally
as an approximation for low densities, when the system spends most time in regions of the
phase space where all particles are well separated, it is still valid for densities of the order
of unity {14].

The understanding of the finite periodic system, where the Bethe ansatz equations fail
to be exact {13}, was pioneered by Guizwiller [16, 171, who was successful in transferring
the canonical transformation of Kac and van Moerbeke [8,9] into quantum mechanics.
Gutzwiller’s approach makes use of the explicit eigenfunctions of the problem. These are
quite difficuit to handle, and therefore Guizwiller only investigated the cases of three and
four particles, although, in principle, his results can be generalized to arbitrary ¥.
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Wavefunctions may be avoided if one uses the quantum inverse scattering method
(Qism). This was done by Gaudin [18], Sklyanin [19] and more recently by Pasquier
and Gaudin [20], who borrowed methods from the theory of integrable statistical systems.
Sklyanin re-derived the integral equations for the elementary excitations of the infinite chain
which were known from the asymptotic Bethe ansatz. He also gave an elegant account of
the classical periodic system using the classical R-matrix formalism.

In spite of the deep insight into the finite quantum problem which was gained by the work
of Gutzwiller, Gandin and Sklyanin, there is still no effective way to compute the spectrum
explicitly. This 1s probably the reason why the authors of [21~23] used conventional
algorithms, starting directly with the Hamiltonian, in their numerical calculations for chains
up to N == 6 particles. The difficulties in applying Gutzwiller’s results numerically were
also described in [15). Hence, it is still desirable to derive effective, practicable methods,
and, among these, semiclassical approximations are promising.

It is not possible to apply the standard WKB approximation to the periodic Toda chain,
since no coordinate system in position space is known which separates Schrodinger's
equation [24]. The action variables are known [10], however, and therefore the Einstein—
Brillonin—Keller (EBK) quantization procedure [25] may be applied. This has been done
in [15,22,23], but it is also numencally quite involved for large N, since there is no
explicit formula expressing the Hamiltonian in terms of the action variables. Hence the
present paper relies on Gutzwillwer’s trace formuia [24,26] which is used preferably in
quantizing chaotic motions. We follow the account of Dashen, Hasslacher and Neveu
[27], who adapted Gutzwiller’s method to field theory, and applied it to the infinite sine-
Gordon system. In actual fact, the first attempt on the quantum Toda chain [28] was in
this direction. Unfortunately, however, the author failed in at least two aspects when he
calculated the classical input data for the formalism. As will become evident in section 4,
an incorrect stationary phase condition was applied. Furthermore it was assumed that the
stability angles agree with those of the chain at rest. This is only true for a soliton on
the infinite chain and only to lowest order in 1/N, but not for a cnoidal wave on a finite
periodic chain, as will be shown in sections 5 and 6.

The trace formula is a semiclassical approximation to the trace of Green's function
which is obtained by replacing the propagator with its semiclassical approximation. As
Gutzwiller pointed out [26], to first order in # only the classical periadic orbits contribute to
the trace. To compute the whole spectrum of a given mechanical system one is faced with
the difficult problem of classifying all classical periodic orbits. If they are merely available
in part, then only a part of the spectrum is obtained [24]. In the present paper we present a
set of algebraic equations for the energy levels arising from a particular family of periodic
orbits—the single cnoidal wave solutions,

Our result should be of general interest as one of the relatively few examples where the
Gutzwiller trace formula couid be explicitly exploited. Because of the complex structure of
the periodic orbits in phase space, only very simple few-particle systems, like billiards or the
anisotropic Kepler problem, have been investigated in the context of quantizing classically
chaotic systems. In field theory, on the other hand, one usually deals with systems that have
an infinite number of degrees of freedom (see [29], for example). In the present paper, in
contrast, an N-particle system is treated successfully.

In the soliton limit, i.e. when the classical chain turns into an infinite chain bearing a
single soliton, it is on first sight not at all clear how to utilize the semiclassical spectrum.
In contrast to the sine-Gordon system [27] there remains no discrete part of the spectrum
which, in the language of particle physicists, could be interpreted as a mass spectrum of
elementary particles in their rest frame. In [27] the authors find the mass corresponding
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to the kink solution of the sine-Gordon system and a whole mass spectrum corresponding
to the breather. But both kink and breather solutions are different in nature to the Toda
soliton. The kink is a topological soliton, which means it has a non-zero excitation energy
even in the classical case. The breather, on the other hand, is non-topological, but can
be interpreted as a bound state of two kinks. In comparison to the Toda soliton it has an
internal degree of freedom, which gives rise to the mass spectrum when quantized. In the
language of particle physics the Toda scliton must be understood as a massless particle.
This might correspond to the fact that there is no classical Toda solitons at rest. That is to
say, there is a finite lower limit for the velocity of the Toda soliton.

In the present paper a semiclassically corrected dispersion relation, £ = E(p), for
the soliton on the infinite chain is proposed. This has become possible, since we found
an expression which can be interpreted as the semiclassically comrected momentum of a
soliton, 'We compare the semiclassical dispersion relation, E = E(p), of the soliton with
the one following from the asymptotic Bethe ansatz [14] or, equivalently, from the QISM
[19]. It is also compared with the dispersion relation foliowing from a different semiclassical
approach that is based on the time-dependent variational principle [30]. Indeed, one of the
motivations when we first statted this work was to find out whether the two semiclassical
methods would lead to the same resupits. The answer is negative,

The paper is organized as follows. In section 2 we elucidate the semiclassical
quantization formula in [27] and explain how to obtain semiclassical corrections to the
momentum of a soliton. In the following four sections which form the main part of our
paper we calculate the classical data that enter into the semiclassical quantization formula.
These are the energy and action per particle of a single cnoidal wave and the stability angles
of the corresponding linear stability problem. For all this data the soliton limit is carried out
in section 6. The boundary conditions are handled with spectal care, for it was a careless
treatment of the boundary conditions that caused a subtle mistake in {28] (see section 4,
below). Physically, it is appropriate either to fix the pressure or to fix the length of the chain.
It will prove to be possible to switch between these boundary conditions by means of a scale
symmetry of the Lagrangian. Our account starts in section 2 with the general solution of the
periodic problem in terms of theta functions [3,7]. It is analogous to the treatment of the
periodic Kdv equation according to Dubrovin [11], and leads to a set of algebraic relations
connecting the parameters of the multi-cnoidal wave solutions with each other, as well as
with the length parameter Al of the system. We call these relations dispersion relations.
From the general formula we derive new expressions for the dispersion relation of a single
cnoidal wave in section 4, which are simple and beautiful and thus of their own worth. The
complete treatment of the linear stability analysis of a single cnoidal wave in section 5 may
also be of interest outside the context of semiclassical quantization. Finally, in section 7
the classical data have been used to perform the semiclassical quantization procedure. The
semiclassically corrected dispersion relation of the soliton is discussed in detail, whereas a
more detailed discussion of the periodic few-particle systems is postponed to a forthcoming
publication [31].

2. Semiclassical quantization

The energy levels £; of a quantum system with Hamiltonian H may be obtained as poles
of the analytic continuation of the trace of Green’s function

i # (i/R)er =(ifh) Ht 1
Rig) = _Efo " dre tr{e }= E 2.1
+i

—~ & —&;
; f
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In [27] a semiclassical approximation to R({g) is obtained in three steps. In the first step
the propagator {g|exp(—iHz/R)|q"} is replaced by its semiclassical approximation [32). In
the second the trace of the semiclassical propagator is analysed and in the third the time
integral in (2.1) is caleulated by stationary phase approximation. The second step is crucial.
In it, it turns out that only periodic orbits coniribute to the trace {26].

Although the so-called trace formula is also favoured for the quantization of chaotic
motions [33], no naive use is possible, because in general it fails to converge on the real
axis. This has been the subject of recent discussions, and much progress has been made
[34,35].

In the case of the integrable systems however, the result presented in [27] seems now
to be well accepted [29]. It is

tl‘{e'_wﬁ)ﬂr} = Z Apexp [%(Sn +&np— en)l . (2.2)
nk

The expression on the right-hand side is a sum over all periodic orbits (index n) with period
T and a sum over contributions arising from the fluctuations around the periodic orbits
(index k). It is entirely determined by the following classical data:

(i) Sn, the action per period;

(1) &k i= ~ Y, (ke + 1/2)Fi7)y, o, the sum over the stability angles n, o (k will turn out
to be a vector of quantum numbers with the components &,);

(iii) &, a discrete phase factor depending on the number of critical points of the pericdic
orbit in phase space; and

(iv) A,, a factor depending on the continuous symmetries of the corresponding orbit.

In [29] it is shown how to calculate the stationary phase approximation to (2.2) as we
need it for the Toda chain.

Ri(e) ~ Y (1 — expli(S(z) + &7 + &(z) — 8)/n) " (2.3)
k

This formula is valid in the centre-of-mass system. The centre-of-mass motion can be
separated by using the methods developed recently by Creagh and Liitlejohn [36]. It turns
out to be treated exactly within the frame of semiclassical quantization.

The right-hand side of equation (2.3} is the contribution to R.(g) arising from every
family of periodic orbits. We suppressed a subscript labelling the different families, because
only a particular one will be considered in the present paper. It is the family of single
cnoidal wave solutions which correspond to the most degenerate one-dimensional tori in
phase space. These are suspected to give relevant contributions to the semiclassical density
of states [37, 38]. Note that in deriving {2.3) the sum over repeated traversals of orbits with
basic period T for one traversal has already been performed.

It is amusing that equation (2.2) can be connected to the work of three different authors
leading to three different quantization conditions {26, 29, 39]. The result depends on whether
or not the sum over stability exponents £, is included in the stationary phase condition
required to calculate the time integral in (2.1}. The classical input data, however, agree for
all these formulae, They have been listed above. Also, for the Toda chain they will be
calculated in the following sections.

A comparison between the different quantization formulae will be given elsewhere [31].
Here we rely on the formulae given by [27-29] for several reasons: they permit a satisfactory
physical interpretation; they have been applied successfully to the sine-Gordon system, and
they allow for a clear regularization procedure in the soliton limit of the Toda chain.
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We now return to the discussion of equation (2.3). The parameter 8 in (2.3) is a discrete
phase connected to the number 4v of critical points on a basic orbit by 4v = 28/hx. R.(g)
has poles at

S(r) + et + E(r) = (n + v)27A. (2.4)

The period t is determined as a function of £ by the stationary phase condition leading to
(2.3),

—dS=e4d.&(t)=E. (2.5)

Here we abbreviated the derivative with respect to T as d;. E is the classical energy as a
function of the period r. Note that the last equation is only correct if the Hamiltonian does
not depend explicitly on 7. This may occur and is discussed in section 4. We combine
(2.4) and (2.5) to get a parametric representation of the energy as a function of the quantum
number n:

&= E(r) - d:& (2.6)
(n+v)2xh  S(T)+E@)T | 1
N = N +E(1 — rd ). (2.7)

Regarding the definition of &, the physical interpretation is as follows. Equations (2.6)
and (2.7) describe the energy levels corresponding to a cnoidal wave with period 7 in the
presence of phonons with energies (k, + 1/2)Ad.n,. The vector & indicates how many
phonons of each energy are excited. For & = 0 we get the energy levels corresponding
to 2 cnoidal wave in the absence of phonons, But even then the zero-point motion of the
phonons renormalizes the cnoidal wave energies.

We have divided equation (2.7) by N to indicate how the soliton limit works. We
assume that there are no phonons excited. Suppose further for a moment that v = 0 on the
left-hand side of (2.7), then the left-hand side is equal to p, := #2nh/N (the momentum of
a free particle on a ring of length N). In the thermodynamic limit N — oo, p, turns into a
continuous variable p. p does not vanish if i — 0, since the range of p is unbounded. In
the soliton limit which includes the thermodynamic limit and is described in section 6, the
first term on the right-hand side of (2.7) turns into the well known momenturn of a soliton.
The second term remains finite for every t and is proportional to #. Note that in (2.6) and
(2.7) © merely plays the role of the curve parameter for the curve ¢ = g(#). This curve can
be reparametrized in an atbitrary manner. In the soliton limit it will prove to be convenient
to use the soliton parameter o which will be introduced in section 6 whereby (2.7) will
become the form p = pu(e) + AAp(e). Analoguously, if we subtract the vacuum energy
£g in (2.6) we get an equation of the form £ — gy = E(o) + RAE ().

It is tempting to interpret these two equations as the semiclassically corrected dispersion
relation of a soliton. They are investigated in section 7.

3. General solution of the periedic [V-particle problem

The Toda chain [1], as we conceive it physically, is a chain of identical particles connected
by nonlinear springs. In dimensionless units (see [14], for example) these springs are defined
by the potential

Ux)=e*Dypx-1-1 (3.1)
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where [ is the equilibrium length of the free spring. If we consider N particles at positions
X5 n=1,..., N, and define xy4q := x; + NI+ Al with Al arbitrary, the total potential
energy of the quasi-periodic chain of length NI + Al is

N
V=3 Ultn — ). (32)
n=1

As usual, we will consider the variables g, ;= x, — (n — 1)! instead of x,. Furthermore we
introduce the distances 7, := gn+1 — gn and the shifted potential

Wx):=Ux+D=e"+x-1. (3.3)
As a result the Lagrangian of the N-particle quasi-periodic system is

N

éz
L=Z_;[‘,§‘_W(’h)]- (34)

Al is the total elongation of the chain and is a parameter of the system, not a dynamical
quantity. The equilibrium of the chain is characterized by r, = AI/N. The total equilibrium
energy as a function of Al has a minimum at Al =0,

Besides translational invariance, the Lagrangian (3.4) shows a scale symmetry, which
will be exploited throughout the remainder of this paper. Consider the transformation

v =e"?t g, (") = qu(t) + no (3.5)

where ¢ is an arbitrary real parameter. It affects the equations of motion according to (3.4)
only by changing Al, since

L(gn{t). gn{t), Al} = €° L(g,(t'), 4, (1), Al') + Al'e” — Al = N{e” — 1)

(3.6)
Al' := Al + No.

Note that it is always possible to transform the Lagrangian into a symmetric form by
choosing ¢ = —AI/N. This is presumably the reason why many other authors start their
calculations with Al = 0. But leaving AJ unspecified makes it possible to switch between
zero-pressure and zero-length boundary conditions at the end of the calculations. This has
been clearly seen by Sklyaain [19]. Also the single cnoidal wave solution (see below) in
its best known form as originally derived by Toda is a solution of the Toda equations of
motion for zero pressure rather than for zero length. It does not follow from (3.4) with
Al =0, This led to some confusion in a former article on semiclassical quantization of the
periodic Toda chain [28].

The initial-value problem corresponding to (3.4) has been solved by algebraic-geometric
metheds [5-107. All solutions are of the same form. They may be understood as ‘nonlinear
superpositions’ of cnoidal waves. Apart from an overall constant shift these nonlinear
superpositions are in a centre-of-mass frame of the form

8(nk —vt +y|B) )
Bln+ DE—vi +v|B)

gu(t) =nd +1n ( (3.7

where 6(z|B) is Riemann’s theta function of g variables. g =1,..., N — 1 is the genus of
the Riemann surface constructed from the Riemann matrix B. For a given g equation (3.7) is
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said to be the g-cnoidal wave solution {(or g-zone solution) of the Toda equation of motion.
k,v and y are g-dimensional vectors of wavenumbers, frequencies and phases and d is a
real constant.

8(z|B) is usually defined in terms of its Fourier representation:

6(z|B) == ) _ exp{mi{n, Bn) + 2ri(n, 2)} (3.8)
neZs

where z € Cf is a complex vector and B is a complex symmetric g x g matrix with a
positive definite imaginary part. B is called a Riemann matrix. The diamond brackets
denote the Euclidean scalar product: {x,y) = Zf,-;, x;y;. The fact that B is a Riemann
matrix guarantees the series in (3.8} to be absolutely convergent.

For later convenience we introduce a slight generalization of (3.8). Theta functions with

characteriztics [or, 8] will be defined as

Ble, Bl(z|B) := Z exp{mi{n + o, Bln + o)) + 2wiln+ o, 2 + B)}. (3.9
neZs

Here o, 8 € RS, 0 < oy, B; £ 1. For [, 8] = [0, 0] the Riemann theta function (3.3)
is obviously recovered. If there is no danger of confusion, we write 8[c, f](z) instead of
8, B1(z|B). The elementary properties of theta functions as far as we need them in the
present paper are explained in [11].

The parameters &, v, y, B, d in (3.7) are not mutually independent. In [5,7] the authors
show that they are vniquely determined by the initial conditions. It is possible to determine
their explicit mutnal dependence by reinserting the solution (3.7} into the equations of
motions. As a result & set of algebraic relations between the parameters is obtained which
we call the dispersion relations of the multi-cnoidal waves, The corresponding relations
for the Kdv equation were derived by Dubrovin [11]. He also indicated the result for the
Toda chain. Since it is necessary in our context to identify the physical meaning of the
parameters in the dispersion relations, we present a brief derivation. We only show that the
dispersion relations to be derived are sufficient for (3.7) to solve the equations of motion.
This will be possible without reverting to methods of algebraic geometry.

Let A be defined as A :=e~ %, and

Froi= =IO @s) + A (@ns1)6{Pn-1)/8%(0n) (3.10)

where ¢, 1= nk — vt + y. Inserting g, according to (3.7} into the equations of motion
following from (3.4) we obtain f,., — f; = 0. This is obviously true if f, is a constant f.
Then equation (3.10) is equivalent to

=@} _ 1 = d,zln(ﬁ((p,,)) +f -1 (3.11)

From this equation we can understand the physical meaning of f. The left-hand side
represents the force exerted on the nth spring. We assume all frequencies v to be real.
Then d; In{(f(p,)) is bounded as a function of ¢, and the time-averaged force exerted on

each spring is

T
p = lim % f dr (e—(qn—qn-nl -D=f-1 (3.12)
0

T—00

We call p the pressure. Note that according to our definition it may be negative. It is easy
to see that under a scale transformation of type (3.5) f is transformed into f' =e™7 f.
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We introduce the abbreviation 8;;_(z) 1= (3/9z;)(8/3z;) - - - #(z), and obtain from (3.10)
FO%(0n) + vivy8(@n)0y (2n) — vivi8; (0:)0;(0s) — AB(@r:1)8(@n—1) =0 (3.13)

where we agree to sum over double indices. Equation (3.13) yields the desired dispersion
relations by the use of an appropriate addition theorem for theta functions. This is explained
in appendix A. Using the same abbreviations as in [11],

8181(z) := 015,01(zI2B)  B[5] := 6[81(0) (3.14)

and denoting partial derivatives of the theta functions again by subscripts we eventuaily
arrive at the desired result

FOI81 + 2v;v;8,i[8) — AB[S1(2k) = 0. (3.15)

Here 8 € ;—_(22)3 , 1e. § is a g-dimensional column with entries 0, % Equation (3.15) was
first given by Dubrovin (see equation (26} in the appendix of [11]). Note that the phase y
in (3.7) does not occur in (3.15) and can therefore be chosen independently.

So far nothing has been said about the restrictions itmposed on & by the quasi-periodic
boundary condition g,.n — g, = Al. With g, according to (3.7) it reads

In (9(§0u+~)9f§0n+1)

e ) = - N ¢19
This is always true, if

(i) Nk is a quasi-period of the theta function, i.e. Nk = j+ BI, j,I € Z§; and

(i} Nd = Al

The second condition determines A as a function of the outer parameter Al. We claim
that the first condition can be restricted further to 4; = m;/N, where m; is one of the
numbers 1,..., ¥ — 1, and all m; are different. This restricts the maximum number of
cnoidal waves to be superposed in (3.7) to N — 1. The manifold of all physically relevant
solutions should be exhausted by solutions of this type. We cannot prove our claim, but at
least it is valid for the special examples considered in the remainder of the present paper.
1t is also valid in the harmonic limit, which is obtained from (3.7), (3.15) considering all
the amplitudes exp(ix B;;) to be small.

Regarding (3.7) and (3.15) we can interpret the scale transformation (3.5) as acting on
v instead of ¢. v is transformed into V' = ™2y and A into A’ = e A. The Riemann
matrix is invariant under the above transformation, B’ = B. Thus the effect of a scale
transformation on (3.15) is simply to multiply the whole equation by a factor of e™?. For
this reason we can restrict ourselves to the solution for f = 1 corresponding to the boundary
condition of zero pressure. The boundary condition where A/l is treated as independent is
obtained subsequently with the aid of a scale transformation. Thus, from this point of view,
our main object of interest will be the equation

B158] + 2v;v,6,;[8] — ABIS1(2k) = 0. (3.17)

Let us denote the length Al that follows from (3.17) by Al;. For the frequencies at
zero pressure following from (3.17) we keep the notation v. As indicated above, a scale
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transformation with o = (Al — Alp}/N yields the pressure and the frequencies as functions
of Al

p(Al) = exp(—(Al — Alp)/N) — 1 (3.18)
W(ADY = exp{(—(Al — Alp)f2N). (3.19)

Note that in our notation v = v(Alp).

For g = 1 equation (3.17) is a system of two equations for the two unknown parameters
v, A. For g = 2 we have four equations for four unknown parameters v1, va, A, B2, For all
higher genera g > 3 the number of equations exceeds the number of unknown parameters
(see [11]). The superfluous equations establish a set of identities on the parameters. The
case g = 3 has been studied numerically by Hirota and Ito [40], but they used a different
form of the dispersion relation (3.17) which is not appropriate for analytical calculations.

In the remainder of this paper we restrict ourselves to the cases g = 1,2. The case
g =1 is investigated in the following section, where we recover the well known dispersion
relation for a single cnoidal wave. In section 5 we investigate the case g = 2 in order to
solve the linear stability problem for a single cnoidal wave.

There is a remark on equation (3.10): if we considered ¢ as an unknown function to
be determined by the differential equation (3.10), then this differential equation would be
called Hirota’s form of the Toda equations of motion [41].

4. The single cnoidal wave solutien

The purpose of this section is to calculate the physical quantities that characterize a single
choidal wave and enter into the semiclassical quantization formulae (2.6}, (2.7). Some of the
results are well known, but we re-derive them in our formulation, starting from the general
formuia (3.17). This is a check for (3.17) and simultaneously yields some interesting new
expressions for v and A. At the end of this section we discuss the stationary phase condition
emerging from semiclassical quantization.

Equation (3.17) with g = 1 is linear in the two unknown parameters A and v2. To show
that v? and A according to (3.17) agree with the familiar results due to Toda [1] we have
to express our formulae in terms of Jacobi elliptic functions and complete elliptic integrals.
To this end we introduce the four basic one-dimensional theta functions

61(z|B) := —6[%,11z|B)  6:(z|B) := 6%, 0)(z| B)

4.1)
63(z| B) == 6[0, 01(z[B) 8a(z| B) := 6[0, }1(z| B).

The Riemann matrix B is now a single constant. Since it is fixed we leave it out of the
argument of the theta functions in the following. In this section, unlike in the previous one,
a subscript is the number according to (4.1). Derivatives with respect to z are denoted by a
prime, and the argument zero is left out for theta functions and its derivatives. For example,
85 means d6;(z)/dz?|,=o.

For g = 1 the parameter & in (3.17) takes on the values 0, 1. Thus (remember (3.14a))
(3.17) in matrix notation becomes

6:(2k) =287\ (AN _ (6
(ézak) —293') (2) = (@z)' “2
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We invert this equation and obtain the following explicit expressions for v2 and A

2 18500 - 68,08
2 818, (2k) — 665(2k)

(4.3)

_ Bre, s
6116, (2k) — 085(2k)

(4.4)
Remember the definition of the Jacobi sn function in terms of theta functions (see [42], for
example)

98
sn(2Kz) = 9—2% @.5)

where 2K := 762 is a half period of the sn function. K is the complete elliptic integral of

the first kind (see [42]). First of all we express 6,(2z) and 83(22) in terms of 6,(z), 64(z).
We start with the following addition theorem for theta functions with characteristics {11]

Ole, Yz +w)OlB, ez —wy = Bi(a+B)+8, ¥ +81Q22)LL (e~ B)+8, y —€](2w)
2ie(Zy)e

(4.6)

which has also been the starting point for deriving (3.17) in appendix A. From (3.9) we see
that for all r, m € Z8

8loc +m, B + nl(z) = exp(2win, a)biw, BI(2). 4.7
Using (4.6) and (4.7) we get

61(z + w1 (z — w) = 6(20)6:(2w) — 6,(22)8;(2w) (4.8)

Ba(z + w)ba(z — w) = 63(22)832w) — &,(20)6, Qw). (4.9)
Setting z, w equal to zero in the last equation, one is led to

6; =85 — 7. (4.10)

Next, we take the second derivative of (4.8) and (4.9) with respect to z at w =z = (.
Exploiting the fact that 6,(z) is odd and 64(z) is even we obtain

82 = 2(628, — 6263) 0.0 = 2(86 — 616,). 4.11)

With w = §, equations (4.8}, (4.9) read

(ef(z)) _ ( -1 1 ) (efz(zz)t%) “12)
62(z) —02/63  63/82 ) \83(22)6,)° )
Inverting this equation, inserting the result into (4.3) and using (4.10) and (4.11), we arrive

at

s 608
B2(k)O — 02(K)8409)

(4.13)
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This is an alternative form of the dispersion relation for v. Using (4.5) and the relations
[42,43] 8] = nwH,650, and

9: 5 oo gl B(2n+1)

equation (4.13) can be rewritten to Toda’'s familiar result
(RKv)t=sn"%(2Kk) — 1 + E/K. (4.15)

Here E is the elliptic integral of the second kind.

Equation (4.8} can also be exploited to derive an expression for the dispersion relation
only in terms of #;(z). The numerator of the fraction on the right-hand side of (4.3) equals
{4.8) with z = 0, w = k; the denominator is obtained taking the second derivative of (4.8)
with respect to z at 7 = 0, w = k. So we see that

v = —d; In(8 (). (4.16)

This is already the fourth expression for the dispersion relation for v as a function of B
and k at zero pressure that we encounter in the course of the present section. Because of
its simplicity, we prefer to use it in the following.

It is now very easy to also recover Toda’s formula for A from (4.4). One just needs
{4.11a) and the first of the formulae (4.12) to see that

v /A = 6Lk) /67, 4.17)

Toda uses the constant

_ (80N EN
C = ( % ) |:1 - (1 - E)sn (2Kk):| (4.18)

to express the pressure for zero elongation of the chain as p(Al = 0} = C — 1. Thus,
according to (3.18), we have to show that C = 1/A. Equation (4.15) implies that

Cv? = (B4(k) /2K 04)*sn (2K k). 4.19)

This is easily seen to agree with the right-hand side of equation (4.17). With that, our
justification of (4.3), (4.4) is complete.

Finally, according to (3.19), equation (4.17) provides us with a simple formula for v at
fixed length Al

v(Aly = e~/ a (1) /6;. (4.20)

We choose the positive sign of the square root of the right-hand side of (4.17), because we
want the frequency v(A/) to be positive for 0 € £ < 1. The quantity exp(—AlL/2ZN) is seen
to be the velocity of sound.

As two of the main ingredients of the semiclassical quantization of a single cnoidal
wave, we need its energy and its action per period. These quantities have been calculated
by Shirafuji [28]. Note however, that his point of view in treating the Toda chain is
slightly different from ours. He leaves out the attractive part of the potential (3.3) and uses
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Wan = exp(—x) — 1 instead. Physically, this means that he understands the Toda chain
as a one-dimensional gas of mutually repulsive particles, constrained on a ring. Although
the equations of motion derived from W and Wy, are clearly the same, the expressions for
energy and action per period differ. Also, with Wy, instead of W there is no minimum
of the energy of the chain at rest as a function of Al, i.e. there exists no physical lattice
constant.

In the following we denote the time average by angled brackets. Hence, if a function
f is periodic with period T = 1/v, its time average is given as

1 T(Al)
()= fo dt £ o). @21)

According to (3.12), p = {(—W'(r;)}, whereas in Shirafuji’s treatment the pressure is
P = (—W[,(rs)). With this in mind it is readily seen that the single cnoidal wave (3.7),
(4.3), (44), corresponding to p = 0 in our interpretation, corresponds to py = 1.

Denote the kinetic energy for a moment as T. Then E = (E} = (T)+{V)}, with potential
energy V according to (3.2). For the action we get § = v(AD{L) = t(AD{T) — {V}).
Equation (3.12) implies

N
(V) =) (W(r)) = Al + Np. (4.22)

n=]

To compute {T'} we take g, as follows from (3.7) and use the series representation for
the logarithmic derivative of 83(z|B) (see [42] p 489). Then (7'} = a/t(Al)?, where a is
defined as

a=N2rn) Zcosechz(i:ran) sin(rnk). (4.23)

n=1

For p = (it follows that
E =g/t + Al S=a/t —tAl. (4.24)
And for Al = 0 we get with p according to (3.18)

E =a/t*(0) + Np = a/7*(0) + Ne2/N - 1) (4.25)
S=a/t{0) — Nt(0)p = a/z(0) — Nt(0)e>/¥ — 1), (4.26)

In the context of semiclassical quantization it only makes sense to consider the system
with boundary condition of fixed length Al. This is because the conditions for the vanishing
of the pressure are different in classical and quantum mechanics. In quantum mechanics
the zero-point motion of the particles causes an additional contribution to the pressure. It
is formally possible to quantize the classical p = 0 system, although it is not at all clear
what the result of such a calculation would mean physically. But this is what Shirafuji [28]
tries to do in his calculations. He tries to quantize the single cnoidal wave solution for
p = 0. Moreover, the stationary phase condition he is applying when he is analysing the
time integral in (2.1) is wrong. This will be explained in the following.

There is a relation between § and E which is crucial in the context of semiclassical
quantization and which we will now discuss. Recall from Hamilton-Jacobi theory that,
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given an orbit in configuration space, S is usually understood as a function of starting and
end points of the orbit ¢, ¢’, as well as of the flight time 7. We calculated the action per
period for a family of periodic orbits parametrized by their period T; i.e. ¢ and ¢’ agree,
as well as the corresponding momenta p and p’. By ¢* := g = ¢’ we denote the common
starting and end point of a periodic orbit.

Consider first the case Al = 0. Then T = {0}, § = S(g*(r(0)), ¢*(z(0)), z(0)) and

(4.27)

ds _(g§_+§_) dg* N 8 a5
dr(®  \dg  adq'/) dr(®)  87(®) - 8t (0)

where the second equation follows from periodicity [26] and the third one from the
Hamiltop—-Jacobi egquation. Inserting (4.25), (4.26) vields

dAl
v = 0

=T (4.28)

Equation (4.28) is a consistency condition connecting E and §. On the other hand, we can
read it as an alternative form of the dispersion relation for v at zero pressure. It would be
preferable to have direct proof of (4.28), but we did not find it, except in the single soliton
limit (see below). However, we checked equation (4.28) numerically, and there is no doubt
that it is correct.

In the cases p = 0, py, = 1, respectively, the relation (4.27) between E and S is no
longer valid for Shirafuji’s choice of potential, Wy, since the Lagrangian now shows an
additional dependence on 7 through Aly. We have

ds as dal, as a8 dAly
— = 4.2
dr 9Al dr at  0AlL dr (4.29)
With our choice (3.3) of the potential energy W the additional term vanishes identically,
since

35 dL
—_— —_—) = —lqtalo—qn) _ 1y = =0. 4.2
A, "'(amo) Tle D=7 =0 4.29)

But with Wy, instead of W we obtain

3.S‘sh gL —{g1 +Alg—gw)
_ — _ =T 431
DAk T (—-—ua Alg) T{e )=TPa =7 @31

Inserting (4.30) and (4.24) into (4.29) vields again the consistency condition (4.28), and
likewise inserting Sy, = @/t and Eg, = a/t? as well as (4.31) into (4.29). This shows that
the stationary phase condition (26) in Shirafuji’s paper is indeed incorrect. The total and the
partial derivative of § with respect to 7 disagree in his case. To be consistent one should use
(4.29) instead of Shirafuji’s equation (26). But even if one does so, the physical meaning
of the result, if used in semiclassical quantization, remains questionable. The appropriate
boundary condition for quantizing the N-particle system is Af = 0.
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5. Linear stability analysis for a single cnoidal wave

In this section we investigate the linear stability problem of a single cnoidal wave. As in
the previous section we first treat the case of zero pressure. The case of arbitrary length is
obtained subsequently by means of the scale transformation (3.5).

For a moment we denote the single cnoidal wave according to (3.7) by g (f). Its
dispersion relation is given by (4.3), (4.4) or one of the alternative forms which have been
derived in the previous section. The dynamics of a deviation 8¢,(t) from g;(¢) is given to
linear order by the equations of motion

8éin = —(Bgy ~ aqn_l)e-@;(t)-q;-n(!)) + (Bgnsi — 3%)3—(4;“(!)-4;(!)) (5.1)

which define the linear stability problem of g;(t). With dp == &4 they may be written as

8q\ _ 8g
(ap) = A“)(ap) 62

where we have combined the N componenis dg, and 8p, to column vectors g and
3p, respectively. A(r) is a 2N x 2N matrix, periodic in ¢ with period T = 1/v,
i.e. (5.2} is a system of 2N linear non-autonomous differential equations with periodic
coefficients. Therefore Floquet’s theorem applies (see [44], for example) and there is 2
special fundamental solution to (5.2) of the form

o) = [1(De"’ (5.3)

where ®{1), T1(2), J are 2N x 2N matrices, IT(¢ + ) = I1(¢) and J is a time-independent
matrix of Jordan normal form. Since the Toda chain is 2 Hamiltonian system, the eigenvalues
of J must come in complex conjugated pairs, and at least one pair is equal to zero due to
the time independence of the Hamiltonian. Suppose that all non-zero eigenvalues in, /T of
J are pairwise distinct. Then the corresponding solutions are of the form

P (1) = o )/ (5.4)

where @, (1), [1,(¢) are the oth columns of the matrices ®(t), I1(2), respectively. 1y is
called a stability angle. If 5, is real, ®,{¢) is bounded and the cnoidal wave is stabie against
the corresponding perturbation in phase space.

In the present case it is not hard to derive the complete solution of the linear stability
problem. Ii is obtained expanding the two-cnoidal wave solution to linear order in the
amplitude of one of the cnoidal waves. For the two-cnoidal wave solution the Riemann
matrix B is a two-by-two matrix and ¢, is a two-dimensional vector with components
o = nk; — vt + 94, j = 1,2, We abbreviate ¢ :== exp(in By), ¥ := Bjs. Then we expand
{3.7) as well as (3.17) to linear order in &.

From (3.7) we obtain

63(p)) amiat { Ba(oL + 1) €7 Rbs(pl, +k)
n = d 1 — ¥ - + 5.5
n@®)=n +“(93<m,’,+1))+5[e ( 65D 05(0Lr) b

where CC stands for complex conjugate. Here we have supposed B to be purely imaginary
and k, v and y to be real. Equation (5.5) has already been derived by Shirafuji {28].
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The dispersion relations (3.17) for two cnoidal waves are no longer linear in the four
dependent parameters vy, ¥, k, A. They are wanscendent with respect to k. We introduce

the notation
=) () =0 -0
7 3

and write (3.17) in full as

818')(2k) —261(8") ~461208'] —24nl8')y 7 A 8[5"]
BI8°1(2k) —-20u[8%] ~481208%] —26n[87 Y [ W} | _ | 4187 5.6)
018)(2k) ~261118%] ~46208] ~28[8%1 | | vive | T | 6187 '
18N 2k) —2611[841 —48(8* —20n06%1/ \ o} 6[8%]

The theta functions in the first two rows of (5.6), when expanded with respect to &, yield
6[8‘](1) = 6{8’](21) + Me?). This means that the upper left-hand quarter of the matrix
in (5.6) agrees up to terms of order £ with the matrix in (4.2) and the upper right-hand
quarter of the matrix in (5.6) is of order £2. Thus we have shown that the terms in curly
brackets in equation (5.5) are indeed a solution to the linear stability problem (5.1). The
second two rows of equation (5.6) may be expanded as functions of £/2, To lowest order
we obfain a pair of equations that provides us with the dependent parameters k, vo of the
linear stability problem as functions of &, k2 and By;. To avoid factors of m we rescale k>
and va, setting gz = 2w ks, w2 = 2w vy, and arrive at

AP0 (2 + k) + 7 8;(2k; — 1)) — 4v36] (1) — div w28} (k) + w36 (k) = 28;(x)
(G =2,3). (5.7

Here A and v; must be considered as known functions of By; and &), given by (4.3) and
{4.4). A more convenient form of (5.7) is obtained if we solve it for ey

wy = 2iv; d, In(6; (k)
i A_ —izﬁ_ — . 12
22— aS20@h R TROCM KN 422 1 )
9,-(}() 6‘_,-(!()
G =2.3). 5.8)

If we subtract these two equations from each other, we are left with a single equation for
k. Unformnately, we have not been able to solve it analytically except for the cases of the
one-soliton limit (see below) and the harmonic limit. On the other hand, however, it is not
hard to solve it numerically. Then & is obtained as a function of k|, g; and By,. Reinserting
it in one of the equations (5.8) we obtain the dispersion relation which determines the
frequency wy as a function of the wavenumber g» for an excitation with small amplitude
in the presence of a cnoidal wave characterized by &; and Bj,. For vanishing amplitude
exp(in Byy) ~» 0+, equation (§.8) (with j = 3) turns into the dispersion relation of a
harmonic wave, @y — 2|sin{g2/2)|, if we choose the plus sign in equation (5.8). This is
what we would have expected.

Because of the linearity of the equations of motion (5.1), not only the whole expression
in curly brackets in (5.5) is & solution, but already its first part,

B3(ps +4) _ €285(p +6)
B3(p}) Bael L)) '

8qn(t) = e!een—er) ( (5.9
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Clearly, this has to be complemented by equation (5.8). We compare equations (5.9) and
(5.4} and see that the stability angles are given as

n =wfv. (5.10)

Hence, dividing (5.8) by v; yields directly a pair of equations for the stability angies. For
each value of g = 27j/N (j = 1,...,N — 1, g2 # 2wk;) we get a stability angle n;, as
we see explicitly in the harmonic and one-soliton limits. Since the complex conjugate of
(5.9) is also a linear independent solution to (5.1}, we have a total number of 2N — 4 linear
independent solutions that follow from (5.8) and (5.9). For g; = 0 it is easily seen that
vy = ¢ = ( is a solution of (5.8) for all values of &; and By;. But the right-hand side of
(5.9) with g, = w; = & = 0 is equal to zero and thus does not give a non-trivial solution
to the linear stability problem. An analogous statement is true for &y = ka.

For the sake of completeness we indicate two pairs of linear independent solutions to
(5.1) that correspond to zero stability angle. One is the translational mode 8¢, (t) = ¢) +c28;
another one is obtained for example by differentiating the single cnoidal wave solution with
respect to its phase y and its parameter B, respectively.

In the case of arbitrary length Al the frequencies v, w; change according to
equation (3.19). But the stability angles remain unchanged, being the ratio of the two
frequencies. '

6. Soliton limit of a single cnoidal wave

In our understanding a soliton is a concept which is generically assoctated with the infinite
chain. It corresponds to the discrete part of the spectrum of the inverse scattering transform.
We avoid speaking of ‘a soliton under cyclic boundary conditions’, as for instance Toda
[45] does when he means a cnoidal wave consisting of a single peak (k = 1/N). As Boyd
[46] pointed out, such an object has phonon- or soliton-like properties, depending on the
value of the parameter B. However, in a certain limit, such a cnoidal wave turns into the
soliton of the infinite chain. In this limit we will compute all the physical quantities which
describe the cnoidal wave and which have been derived in the preceding sections. In this
connection it seems inevitable to go again briefly through some well known results. We
explain for instance how to obtain the shape of a soliton from a cnoidal wave and what is
happening with the frequencies v, »{0) and with the length Al {45]. This is done for the
sake of completeness and also to give the reader an idea of how (o proceed in the more
complex cases when we compute the soliton limit of the linear stability problem and of the
sum over the stability angles. The latter is crucial for semiclassical quantization.

We would tike to remind the reader that the periodic chain in the soliton lmit is not
fully equivalent to the infinite chain bearing a soliton (see [45]). For example. a cnoidal
wave at zero pressure stretches the chain by an amount Al > 0 even in the soliton limit,
but the soliton on the infinite chain compresses the chain. Furthermore, the periodic chain
with a cnoidal wave of the form (3.7} always has zero momentum {45], whereas the infinite
chain bearing a soliton has not [1].

The one-soliton limit is obtained as follows. We want to keep only a single peak and
thus setk = 1/N. We would also like to reach the limit where all acenrring elliptic functions
are degenerate. These two claims will be fulfilled consistently if we set wi/B = o N, where
2 > O will turn out to be the soliton parameter. We further have to replace the phase y in
@, by % + y/oeN, where the new y is again arbitrary, This means we have to use 6;(z|B)
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instead of 8:(z| B} to obtain the soliton limit of the equations (3.7) and (5.5). After these
substitutions the respective expressions under consideration are expanded for large N.

To start with, consider equations (4.16) and (4.20). With the aid of the formulae (B.3),
{B.2) from appendix B, we obtain

__ sinh(c) sinb?(e) 1
Nv = py (1 - aN +O(Fi)) (61)
_ Sinh(e) /& 1
Nv(0) = ” (1 5 +0 (Nz)) . (6.2)

Inserting these two equations into (4.20) and (4.17), we are provided with the expression
A =1 = 2(sinh®(@) - &®)/aN + O(1/N?). (6.3)
Thus, in the soliton [imit, Aly is given as
Aly = —N In(4) — 2(sinh* (@) — &)/ (6.4)

which is always a positive number. To obtain the soliton limit of the energy and of the
action per particle we still have to consider the constant a in (4.23). In the soliton limit the
right-hand side of (4.23) is equal to

a/N* —s 4rx f dx cosech®(mrx /o) sin®(x) = 2(c” coth{e) — ).  (6.5)
Q

Using this equation, as well as (6.4} and (6.1) or (6.2), respectively, we get the desired
result. Note that, like the frequencies (6.1), (6.2), energy and action per particle agree to
leading order in the cases of zero pressure and zero length:

E = 2(cosh(x) sinh{a) — o) S/N = 2x cosh(a) ~ 4sinh(a) + 2%/ sinh(e). (6.6)
In the soliton iimit we are also able to verify equation (4.28) to leading order in N:

dal d(sinh’(&) ~ &2/ sinh*(e)

2 _
W)= 30N ~ dcothia) —a) @ ©.7)
and thus dS/dr = —E.
Equations (6.1) and (6.2) show that for p = Q as well as for Al =0
@o = } + (nor ~ sinh(@)? + y)/aN + O(1/NY, (6.8)

We define ¢, := ne — sinh(e)t + y and use the first of the equations (B.1) to see that

=20,
i4e ) 659)

QH(I) —nd = —a+ln(m

to leading order in N. Note that the constant o can be absorbed into g,(t). Thus the right-
hand side of (6.9) is identified as the well known soliton solution for the infinite chain,
Recall the meaning of the constant d on the left-hand side. In the case Al =0 it is equal to
zero. But for zero pressure it is the change of the lattice constant d = Aly/N and therefore
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nd has no definite soliton limit, since n ranges from ! to N. On the other hand, since d
vanishes as N — o0, we get a meaningful result even in the case of zero pressure, if we
lock only at the relative motion. Then

e~mi=) — 1 = sinh?(ar) sechi(de) (6.10)

which is the most familiar form of the Toda soliton.

At this point we emphasize the following: the energy and the action per particle can
of course be calculated directly for the infinite chain (for the energy see {I]}). But since
the infinite chain and the periodic chain in the thermodynamic limit are physically different
systems, there is no natural reason why the energy and the action per particle should agree
in the two cases. Indeed they do for our choice of the potential (3.3), but they do not for
Shirafuji’s potential Wy, in the case pgy = 1. If we calculate the energy Eg, in the soliton
limit and compare it with the energy calculated directly for the infinite chain with Wy, we
see that the two results disagree by an amount 2 sinh®(a)/er,

Let us now determine the stability angles following from (5.8) up to terms of the order
of 1/N. The required calculations are guite tedious. We will therefore only give a brief
description how to proceed. First we have to calculate the coupling & to leading order. To
this end we eliminate « from (5.8) by subtracting the two equations from each other and
we are left with an equation for « alone. We introduce the abbreviation

&1 = 2iaN«. 6.1

For all logarithmic derivatives and all quotients of theta functions occurring in (5.8) we use
the representations according to appendix B. The leading terms in the equation for x; are
of the order exp{—a:N /2}. The factors exp(—wN/2) cancel out and the remaining equation
yields to leading order

(@ -1y - 1)

~iKL
e =1 (erFiaaf2 — |2

(6.12)

Thus «; agrees with the phase shift that a nonlinear phonon suffers due to a soliton [47].
Logarithms must be taken carefully in {(6.12), since the solution is not unique. We stipulate
k1 to be continuous as a function of g3 for 0 £ ¢z € 2w, and to vanish as o — 0 for
0 < g2 € 2. Thus we get

tan(x) /4) = — tanh(a:/2) cot{gs /4) 0<qg €2 (6.13)

With that, we are prepared to calculate ws. Inserting (6.1), (6.3), (6.11) and (6.13) into one
of the equations (5.8) we arrive at

@y, = 2sin (%) + EIG |:1c1 (cos (gzg) _ sinl;(a)) _ 2sin:2(oz) in (_qz_z)] Lo (Fli)

(6.14)

We see that in the soliton limit w; turns into the frequency of a harmonic excitation. This
is due to the fact that a soliton is a localized object. The 1/N corrections to w; contain the
semiclassical corrections to classical energy and momentum of the soliton (see the following
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section). Using (6.8), (6.11) and (5.9) we obtain the solutions of the linear stability problem
in the soliton limit,

(6.15)

8gn(t) = el(nga—wnf—x1/2) 1 et _ ei(n(l + e—%““HMI)
an 1+ 14 e 2w

Here ay = 2sin{g,/2) and «; is given by equation (6.13). It is merely a matter of patience
to substitute (6.15) directly into (5.1) with exp(—{(g,,; — 4;)) given by (6.10), and to see
that it is indeed a solution. It would have been possible and also much easier to obtain
(6.15) by the method that the authors of [47] used to get the phonon phase shifts due to a
soliton. But, unfortunately, this method does not yield the 1/N corrections to the frequency

am,

7. Main results and discussion

In this section we gather all the information about the classical periodic Toda chain which we
have obtained in the preceding sections and insert them into the semiclassical quantization
formulae (2.6), (2.7).

In the case of the finite chain we cannot go analytically beyond (5.8). For the physically
most appropriate boundary condition, Al = (0, we take energy and action per particle
according to equations (4.25) and (4.26). The sum over stability angles is obtained from
(5.8) and (5.10). Thus the right-hand sides of equations (2.6) and (2.7) are completely

specified. There remains a single unknown quantity, v, which can take on the values 0, %,

3» 3. By comparison with the harmonic limit it turns out that v = 1. It seems noteworthy
that, in the equations for the spectrum, the number of particles N is merely playing the
role of a parameter. This means that the numerical effort to compute the spectrum does not
increase with increasing number of particles.

We think that our results are a good test for the method in general. In a forthcoming
publication [31] which is now in preparation they will be compared numerically to the
results obtained by Gutzwiller's exact quantization of the three- and four-particle chains
[15-171, as well as to the results of direct numerical methods {21,22). Furthermore, it
seems quite interesting to compare our result with the result arising from EBK quantization,
which in the case of the periodic Toda chain has been considered in [15,21]. First numerical
calculations for the three-particle chain show that the semiclassical energy levels obtained
with the quantization procedure of section 2 differ from the EBK results. Moreover, the
quantization formulae (2.6) and (2.7) break the discrete symmetries of the Harmiltonian
which have recently been shown explicitly to be conserved by ERK quantization [48]. On
the other hand, the ground-state levels for the three- and four-particle chains are chtained
more accurately than with the EBK method.

We now discuss the soliton limit. With the aid of the formulae (6.1), (6.6), (6.13)
and (6.14) we are prepared to calculate the semiclassically corrected dispersion relation
E = E(p) for a soliton on the infinite chain, as explained in section 2. The details of
the calculation are presented in appendix C. The following parametric representation of the
semiclassically corrected dispersion relation for Al =0 is obtained:

¢=E-2ha/m (7.1)

X

sinh(x)’ 7.2)

2& o
p=pc1-—n-f0 dx
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Figure 1. Comparison between the different results for the dispersion relation of a soliton for
fixed length Al =0 and = 1. £ in units of /2 and p in units of k.
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Figure 2. Dispersion relation derived semicfassically (scf) and as follows from the Bethe ansatz
(Ba) for i =0, 1; 1; 10, £ in units of /2 and p in units of wh.

E and pq are the classical energy and momentum of a soliton;
E = 2{sinh(e) cosh(e) — o) Pa = 4{c cosh(er) ~ sinh(x)). (1.3)

The result is shown in figure 1 and is compared with the classical result, the Bethe ansatz
result and the result following from a time-dependent variationa] approach [30]. Qur
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semiclassical result is in almost absolute agreement with the Bethe ansatz result even in
the full quantum mechanical regime £ = 1. and in this regime it is quite different from
the variational-approach result. Figure 2 shows the remarkable fact that the semiclassical
dispersion relation is still in good agreement with the one from Bethe ansatz even if & = 10;
that is, even if & is two orders of magnitude larger than the value for which the semiclassical
approximation is suspected to be applicable.

The important thing about our results as far as they concern the soliton dispersion curve
is that our intuitive picture of a soliton as a particle over a vacuum state, which leads us to
the defipition of the semiclassical momenturm, is consistent with the Bethe ansatz. Therefore
the two very different approaches support each other. This is of some importance, for all
soliton dispersion curves as they are shown in figure 1 contain the soliton momentum as a
phenomenological concept. This is especially true for the momentum obtained from Bethe's
ansatz by analogy to the -function Bose gas.

Let us finally remark that the semiclassical dispersion relation may be computed with
arbitrary lattice constant d = Al/N and thus also at zero pressure. This will be explained
in appendix D.
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Appendix A. Dispersion relations

To derive the dispersion relations (3.17) we use the same formalism as Dubrovin in his work
on the KdV equation (see [11], ch 4). The starting point of this calculation is equation {3.13)
with f =1 and z instead of @,:

0%(z) + viv0(2)6;; (2) — viviBi(2)6,(2) — A8z + k)8(z —k) =0. (A1)

We define the infinitesimal shift operator 7, := v;8/8z; and the finite shifi operator S; by
S;f(2) = f(z+k). Then the inverse of S, is given by 5.1 f(z} = f(z — k) and (A.1) reads

(14 T3 — T2 — ASu 5308262 1=p = 0. (A.2)

We now introduce new coordinates

w! 1 1\ (7 z! 171 1) ('
()= 2@ eG)=20 2)6)
In these new coordinates (A.2) turns into
(1 +2T1 T + 2T — ASL)B (3 (W' + w?)B(G(w' — w))luag =0. (A4)

For the Riemann theta function the addition theorem (4.6} reads

Bz +wpz~w) = 3. b18122)8I812w) (AS)
We(Zy)
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(see section 3 for the notation). é[é](z) is an even function for all § -12-(22)3 =
Tﬁ[&](z)imo = (. Also, equation (A.4) implies

> Al )t + 210 — ASZHEI81w g = 0. (A.6)
25e(Zy)®

Since all the functions é[ﬁ](w) are linear independent (see [11])
(14272 — ASZYO[81(w)]weo = 0. (A7)
This is the desired result (3.17).

Appendix B. Series representations for the soliton limit

The Fourier representation (3.9) of a theta function with characteriztic e, 8] is not the
only possible representation, In fact, there is a whole transformation theory dealing with
the various equivalent representations of theta functions {see [11] and the literature cited
therein). As Boyd [49,50] pointed out and elaborated in case of the Kdv equation, one
of these representations is especially convenient to perform the soliton limait of 2 multi-
cnoidal wave. It is called the Gaussian representation and is simply obtained by Poisson
re-summation [1] of the Fourier series (3.9), i.e.

8ie, B1(z|B) = (det(—iB)) /> 3 exp{~mi{n + B+ 2, B~ (n + B + 2)) — 27i(n, @)}
neks
= (det(—iB)) "2 exp{—ni{z, B~ 'z) + 2mile, B)IBLB. —l(—B " z] — BV,
(B.1)
This is valid at least if i B is real. For our purposes we only need to consider one-dimensional
theta functions. Then (B.1) is the same as what is called Jacobi’s imaginary transformation
(see [42], p 474).

Many of the formulzae that we study in the soliton limit contain logarithmic derivatives
of theta functions instead of theta functions, For these it will prove to be convenient to
derive certain series representations. Equation (B.1) implies

8'[e, B1(z|B) _2miz 1 &'18, —al(—z/B| — 1/B)
Olo, B1(ziB) B B 9[B, —i(—z/B| - 1/B)
On the right-hand side of (B.2) we again have a logarithmic derivative. So we can use

some well known formulae (see §42] p 498, for instance) which yield for the four basic
theta functions (4.1)

8(z|B) mi sinh(2nziz/B)
! B( 2+coth( ) 42 ) (B.3)

(B.2)

6,(z|B) /B _ |

2nwiz
-2z - ZZcosech(B) nh( 3 )) {(B.4)

n=1

6;(z|B) _ mi n 2nmiz
W_B( 2z — 2Z( ~1) coscch( )snh( = )) (B.5)

Bi(z]B)
6:(z1B)

=1

—Zz+tanh( ) 42( 1)"8‘“(2”““"’3)). B.6)

2nmif B

8i(z|B) _ mi
64(z|B) B
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Appendix C. Semiclassically corrected dispersion relation

Starting with (2.6) and (2.7) we calculate the semiclassically corrected dispersion relation
£ = E(p) of a soliton on a chain of fixed length Al = 0. In order to keep the energies
in (2.6) finite in this limit we must subiract the vacuum energy: ¢ — £ — Y, Bisin{g/2).
Since the soliton limits of E and (§ + Et(0))/N have already been calculated (6.1), (6.6),
we only have to determine d. gy + 7 Zgz sin(g2/2) and (1 — ©(0)d;(g))E/N in the soliton
limit. From (6.1) we obtain

sinh?(ar) de 1
40 = @ —acoh@ N T (ﬁ) (C.1)

and, further, from (6.2) and (6.14) we obtain, up to terms of the order of 1/N2,

@ = =260 (2) 4 3 [ (o0s (2) - Z22) - 2w (2)]. 2

It thus follows that
ek +1 ) sin(g2/2) = ~ (g) do Y, (€20 —2sin (£)) /00 (oK)
a2 a2

_ h sinh%(e) 27 o cos(gq2/2)
= ~ %z simh(e) — o coshi(@) 2w ["1 ( sinh(a) 1)

qz

0!2 g2 1
~2 ' (—- of= 4
sinb(a) T\ 2 )] + (N) c4
with k) according to (6.13). We abbreviate the sum on the right-hand side as X and denote
the derivative with respect to & by a prime. It follows that

_ _ﬁ_ i o sinh{x) , _I_
A= Ode0W /N = =3 2+ 4 @) — acos@ > T © (N) ’ ©3)

In the soliton limit the sums T and I’ are replaced by integrals with 0, 27 as limits of
integration. Using the relations

ix_l B_icl_ _ _Zsin(g2/2) ?ﬂ _ sinh{o) (C.6)
s / 8g2  sinh{c) 8gs  cosh(e) — cos(ga/2) '
%’ is calculated by integrating by parts.
= = ( @ _ L a? __ Soz(sinh(o.t) - acosh(a))- ©n
sinh(er) sinh(e) sinh? (o)

7. follows from integration with respect to «. Regarding the oniginal integral representation
for T as an integral over g, the infegration constant is seen to be zero. In summary we
have obtained

: o
—det ~7Y sin(g2/2) = ——n—“ — AE (C.8)
L'
x —
sinh(x)

Using these equations, as well as (6.6), we arrive at (7.1), (7.2).

Ap. (C9)

I
(1 - I'(O)dr(o))E/N = —;L dx



7612 F Gohmann et al

Appendix D. The cases of arbitrary length and zero pressure

‘We consider a finite dilation d = Al/N of the chain. Then according to (4.20)
V(AD) = ™42y (0). (D.1)
The energy turns out to be (see (4.22) and below)

E(Al) =av*(Al) + Al + Np
=e @0 + NE*Y — 1)+ NEe @ +d - 1)
=e¢ " E(0) + Ey (D.2)

where E(0) is the energy in the case Al = 0 according to (4.25), and Eg 1= N(e™? +d —1)
is the classical ground-state energy. Equation (D.1) further implies that

deqan = 2, (AN (an = T(0)d - (D.3)
Since & is invariant under scale transformations, it follows that
e =e E(0) + Eg — e d k. (D.4)

Hence in this case the proper renormalization of ¢ in the soliton limit is achieved by the
replacement

£ —>e— Eg—e Y hsin(g/2). (D.5)
q

Because of the second equation (.3) the second term on the right-hand side of equation (2.7)
stays invariant under scale transformations. Concerning the first term, we obtain {see (4.22)
and below)

S(AD) + E(AD7T(Al) = 2av(Al) = e™4?24v(0)

= e~ 2(S(0) + E(0)T(0)). (D.6)

This means that the semiclassically corrected dispersion relation for arbitrary d is given as
s=e%E+e AL 0.7
p=e¢"pa+Ap (D.3)

where F and p. are classical soliton energy and momentum according to (7.3), and AE,
Ap are the corrections as calculated in the previous appendix.

The vacuum state according to (D.7), (ID.8) is characterized by £ = p = 0. Regarding
{D.5) we see that in the thermodynamic Hmit the ground-state energy per particle approaches

2
gp=ed+d~1+ ;e-dﬂ. D.9)

The zero-pressure lattice constant d is now determined by stipulating £y to be minimal.
With g :=%/2m it turns out to be

do=—1n (14287 =2V +g2) = h/m + OF?). (D.10)

Note that dy agrees to linear order in ki with the corresponding quantity obtained from the
variational approach [30].



Semiclassical quantization of the periodic Toda chain 7613

References

[11 Toda M 1982 Theory of Nonlinear Lattices (Berlin; Springer)
[2] Hénon M 1974 Phys. Rev. B 9 1921
[31 TFlaschka H 1974 Phys. Rev. B 9 1924
[4] Manakov § V 1974 2h. Eksp. Teor. Fiz. 67 543
i51 Date E and Tanaka S 1976 Prog, Theor. Phys. 53 457
[6] Date E and Tanaka S 1976 Prog. Theor. Phys. Suppl. 59 107
[T} Krichever I M 1978 Uspekhi Mat. Nauk 33 215
[8] Kac M and van Moerbeke P 1975 Proc. Nati Acad. Sci. USA 72 1627
[9] Kac M and van Moerbeke P 1975 Proc. Nati Acad, Sci. USA 72 2879
[10] Flaschka H and McLaughlin D W 1976 Prog. Theor. Phys. 55 438
[11] Dubrovin B A 1981 Usp. Mat. Nauk 36 11
[12] Olshanetsky M A and Perelomov A M 1977 Lett. Math. Phys, 27
[13] Sutherland B 1978 Rocky Mount. J. Math. 413
[14] Mertens F G 1984 Z. Phys. B 55 353
[15] Fowier M and Frahm H 1989 Phys. Rev. B 39 11300
[16] Gutzwiller M C 1980 Ann, Phys., NY 124 347
[17] Gutzwiller M C 1981 Ann. Phys, NY 133 304
[18] Gaudin M 1983 La fonction de I'onds de Bethe pour les modéles exacts de la méchanique statistique (Paris:
Masson) ¢h 14
[19] Sklyanin B K 1985 Nonlinear Equations in Classical and Quantum Field Theory (Lecture Notes in Physics
226) (Berlin: Springer) p 196 )
{20] Pasquier V and Gaodin M 1992 J. Phys. A: Math. Gen. 25 5243
[21] Isola S, Kantz H and Livi R 1991 J. Phys. A: Math, Gen. 24 3061
[22] Matsuyama A 1991 Phys. Ler. 1614 124
(23] Matsuyama A 1992 Ann, Phys., NY 220 300
[24] Gutzwiller M C 1991 Chaos and Quantum Physics (Les Houches Lectures) {Amsterdam: North-Holland)
p 201
{251 Berry M V and Tabor M 1976 Proc. R. Soc. A 349 101
[26] Gutzwiller M C 1971 1, Math. Phys. 12 343
[27] Dashen R F, Hasslacher B and Neveu A 1975 Phys. Rev. D 11 3424
[28] Shirafuji T 1976 Prog. Theor. Phys. Suppl. 59 126
[29] Rajaraman R 1982 Solitons and Instantons (Amsterdam: North-Holland)
[30] Gohmaon F and Mertens F G 1992 J. Phys. A: Math. Gen. 25 649
[31] Gohmann F, Neuper A and Frahm H to be published
[32] Schulman L § 1981 Techniques and Applications of Path Integration (New York: Wiley)
[33] Beny M V 1921 Some Quarntum-To-Classical Asymptotics (Les Houches Lectures) (Amsterdam: North-
Holland) p 251
[34] Berry M V and Keating J P 1990 J. Phys. A: Math. Gen, 23 4839
[35] Keating J P 1992 Proc, R. Soc. A 436 99
[36] Creagh S C and Litflejohn R G 1951 Phys, Rev. A 44 B36
[37) Voros A 1976 Ann. Inst. Henri Poincaré XXIV 31
[38] Berry M V and Tabor M 1977 J. Phys. A: Math. Gen. 10 371
[39] Miller W H 1975 J. Chem. Phys. 63 996
[40] Hirota R and Ito M 1981 J. Phys. Soc. Japan 50 338
[41]1 Hirota R 1973 [ Phys. Soc. Japan 35 286
[42] ‘Whittakes E T and Watson G N 1963 A Cowrse of Modern Analysis dth edn (Cambridge: Cambridge
University Press} ch 21
{43] Hansen E R 1975 A Table of Series and Products (Englewood Cliffs, NJ: Prentice-Hall}
[44] Pars L A 1965 A Treatise on Analytical Dynamics (London: Heinemann) ch 23
{451 Toda M 1970 Prog. Theor. Phys. Suppl. 45 174
[46] Boyd I P 1984 J. Martk. Phys. 25 3415
[47] Theodorakopoulos N and Mertens F G 1983 Phys. Rev. B 28 3512
[48] Matsuyama A 1993 Phys. Letr. 177A 415
[49] Boyd J P 1982 J. Math. Phys. 23 375
[50]1 Boyd I P 1984 J. Mash. Phys. 25 3402



